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     A rapid dynamic loads analysis capability is an essential tool for the design of load
alleviation systems. We present a unique technique based on a state variable formulation
that eliminates the need for auxiliary states, i.e., lag terms, to represent the oscillatory aero-
dynamic forces. The analysis technique was developed in Ref. 1 and is used here to derive
the output equations for structural loads caused by atmospheric turbulence and/or control
sur-face inputs. Results generated by application of these loads equations are evaluated
through comparison with MSC/Nastran solutions in the frequency domain. In addition to
the design of load alleviation systems, the present rapid analysis technique may be used for
identifi-cation of critical load conditions and for synthesis of flight control laws in general. 

Nomenclature 
A' A" B = matrices in state equations of motion
C' C" D = matrices in loads output equation
F = aerodynamic force vector
M = mass matrix in MFP axes system
P = total dynamic load matrix
P' = load matrix due to elastic response
P" = load matrix due to system input
U = mean airflow velocity
X, Y, Z = aircraft body axes coordinates 
a ′ = in-phase aero matrix in MFP system
a ′′ = out-of-phase aero matrix in MFP system
d = modal displacement vector
e = state variable vector in MFP axes system
f, g, h = aircraft displacements in MFP system
p, q, r = aircraft angular rates about body axes

dq = dynamic pressure
u, v, w = aircraft linear rates along body axes
α′ = in-phase aero matrix along body axes
α ′′ = out-of-phase aero matrix along body axes
β = matrix of input forces   

cδ = control surface rotational displacement
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ε = state variable vector in body axes system
γ = structural damping matrix
η = vector of inputs
κ = structural stiffness matrix
µ = mass matrix in body axes system
ω = circular frequency

Subscripts
m, n = modal indices
g = gust component
i = input component index
j = load component index

Superscripts
( . ) = d( )/dt
T = transposed vector

Introduction
Some transport aircraft concepts currently being studied
are extremely lightweight and flexible compared to
traditional designs. The feasibility of the new concepts
may depend on flight control systems to alleviate the
structural loads. Development of this type of advanced
system requires an analysis technique that is efficient
enough to enable rapid batch simulation without sacri-
ficing the accuracy necessary for control law design. 

Ref. 1 describes a state space formulation that elim-
inates the need for lag terms to represent the unsteady
aerodynamics. Comparisons with more elaborate solu-
tion techniques have shown excellent correlation for
structural response data such as accelerations, rates and
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displacements due to control surface excitation. We will
further develop this analysis technique by deriving
output equations for the structural loads due to various
inputs. The following section provides a brief summary
of the basic state space formulation.

Equations of Motion
It is customary in stability and control applications to
describe the equations of motion in a body axes system
that is fixed relative to the aircraft center of gravity and
with the X-axis oriented along the initial wind axis (also
named stability axis). In the disciplines of dynamic
loads and flutter, however, the convention is to use a
mean flight path (MFP) axes system that is aligned with
the initial (unperturbed) flight path of the aircraft and
moving with its average velocity relative to an earth-
fixed system. Practically all analyses of structural dyna-
mics consider only level flight, i.e., the gravity force is
assumed balanced by the unperturbed lift of the aircraft.
Ref. 6 (pp. 863-864) contains a detailed discussion of
transformations between these two and other common
coordinate systems. In the present paper we will apply
the body axes system with X positive forward and Z
positive down. It should be noted that the orientation of
our body axes system is the conventional one 2, but that
it differs from the one used in Ref. 6.

The aircraft equations of motion as derived in Ref. 1
may be written in the following form:

η+ε′′+ε′=ε BAA &&&                        (1.1)

where η  is a vector of inputs and ε  denotes the dis-
placement component of the state variable vector. For
longitudinal (symmetric) motion the input vector η  and
the rate component of ε  are defined by:
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The p-transform technique 1,3 requires the "global" A',
A" and B matrices to be assembled in an iterative
manner based on linear approximations of the unsteady
aerodynamic forces:

eaea)(F &′′+′≈ω                     (1.3)

where e denotes the displacement component of the
state variable vector in the MFP axes system. The piece-
wise linear approximations in the frequency domain are
applied in narrow intervals that correspond to eigen-

values of the combined A' and A" matrices.  Results of
this approximation are at least as accurate as those ob-
tained with higher order representations covering a wide
frequency band. The salient feature, of course, is that
this accuracy is gained without increasing the number of
equations to be solved.

Transformation to Body Axes
Routines for computation of unsteady aerodynamic
forces, e.g., the doublet-lattice method 5, generally
require the motion of the aircraft to be described in the
MFP axes system. For the case of longitudinal motion,
the mean axes (rigid body) degrees of freedom are
defined by:

3,2,1n),h,f(e T
n =θ=              (2.1)

where f denotes fore-aft motion, h represents plunge
motion and θ  symbolizes pitch about a reference axis
located near the center of gravity. The f and θ  degrees
of freedom are the same whether measured in the MFP
axes system or in the body axes system. The trans-
formation between the two systems is ruled by the
equations:
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As a result of the transformation, the first three columns
(n=1,2,3 for all values of m) of the mass matrix M and
the aerodynamic matrices a ′ and a ′′  in the MFP axes
system are replaced by: 

2,1nforaqM n,m
2

dn,mn,m =′ω+=µ −       (2.3)

)aUa(qM 2,m3,m
2

d3,m3,m ′′−′ω+=µ −            (2.4)

3,2,1nfor0n,m ==α′                  (2.5)

2,1nfora n,mn,m =′′=α ′′                (2.6)

)q/Ma(Ua d2,m2,m
2

3,m3,m +′ω+′′=α ′′ −       (2.7)

The remaining parts of the mass and aerodynamic ma-
trices are identical in the two axes systems and so are
the stiffness and structural damping matrices.
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In each of the frequency intervals where the approxima-
tion of Eq. (1.3) is applied, the "local" A′ , A ′′  and B
matrices are computed from:

βµ=
κ−α′µ=′′
γ−α′′µ=′
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Global A', A', and B matrices are then assembled in the
iterative manner that was alluded to above and that is
described in Ref. 1. The elements of the β -matrix in eq.
(2.8) are defined by:

),,( i,mi,mi,mi,m µ−α ′′α′=β        (2.9)

where the subscripts correspond to state variable "m"
and input component "i". The part of β  corresponding
to gust inputs has only two columns since the mass con-
tribution is zero.

Calculation of Dynamic Loads
Aerodynamic loads on an aircraft component may be
calculated by selecting appropriate auxiliary displace-
ment functions, md , that serve as weighting factors for
the pressure distribution, np∆ , in the generalized force
integral. The in-phase portion, for instance, is defined
by: 

dS)pRe(d
U
2a nm2n,m ∆

ρ
=′ ∫              (3.1)

Thus, hinge moments are obtained by selecting auxil-
iary rotation modes of one radian for the control sur-
faces. Similarly, the aerodynamic contribution to the
wing bending moment is calculated by considering a
roll displacement about the wing root chord.

The total structural load component, jP , derived from

the auxiliary mode "j", consists of two parts:

jjj PPP ′′+′=                        (3.2)

In eq. (3.2) the first term represents dynamic loads
caused by the elastic response of the airframe and the
second term denotes loads generated directly by the
atmospheric turbulence and/or control surface inputs.
After applying the transformation to body axes as pre-
scribed by Eq. (2.2) we obtain:
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                     (3.3)

Combination of Eqs. (3.3) and (1.1) yields the following
canonical form of the loads output equation:

η+ε′′+ε′= DCCP &                (3.4)

where the matrices C′ , C ′′  and D  are composed of the
following row components:
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                            (3.5)

In the following section these equations are applied to a
sample problem and evaluated by correlation with data
derived from MSC/Nastran7.

Evaluation of Method
The present reduced-order modeling technique, also
referred to as the p-transform, was evaluated through
comparison with MSC/Nastran frequency domain solu-
tions. Figs. 1-2 show corresponding acceleration re-
sponses for an advanced transport aircraft flying at sea
level and at a Mach number of 0.4. We observe that the
two solution techniques yield practically identical
magnitude results up to a frequency of 7.0 Hz. Dis-
crepancies above that frequency are explained by differ-
ences in the modeling of the elevator surface. A rigid
control surface mode is used to generate the p-transform
input whereas a more realistic, flexible elevator model
provides the excitation force in the MSC/Nastran ana-
lysis. We note that the first torsion mode of the elevator
produces a sharp peak in the acceleration response
slightly below 10.0 Hz. The phase response error evi-
dent in the frequency band 4-6 Hz (fig. 2), confirms the
observation made in Ref. 1 that the p-transform phase
data are less accurate in those parts of the spectrum
where the magnitude is small.

The predicted loads due to control surface motion show
equally good agreement between the two methods. Figs.
3-4 are representative of the magnitude and phase
comparisons obtained for elevator inputs. These results
are generated at the same fuel, payload and flight con-
ditions used in the sample problem discussed above.
Again, minor discrepancies that are observed at higher
frequencies are attributed to differences in the structural
modeling of the control surface.
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The analyses presented above validate the p-transform
technique for the dynamics due to aircraft motion-
induced forces. A general time domain method, how-
ever, also requires the response due to atmospheric
turbulence to be predicted in an accurate manner. We
applied gust excitation forces to the same model used
for the elevator inputs and, as before, we compared
results generated by the p-transform technique with data
from the MSC/Nastran program. Fig. 5 shows the real
part of a frequency response due to random turbulence
with the amplitude one ft/sec. We note that the accuracy
of the p-transform deteriorates above a frequency of
two Hz. This discrepancy is caused by rapid variation of
the gust excitation forces over the frequency band. 

To achieve improved accuracy in the turbulence
response it may be necessary to apply a Rational
Function Approximation technique 8,9,10 for the gust
input terms. In many cases, however, the accuracy
demonstrated here may be sufficient, especially for
preliminary design purposes. This argument is sup-
ported by the observation that the power of atmos-
pheric turbulence is attenuated rapidly with frequency.
Fig. 6 presents a Power Spectral Density (PSD) com-
parison of vertical acceleration at the pilot station due to
a gust input of one ft/sec. The gust power distribution is
modeled by the Dryden spectrum in both analyses. We
note that the p-transform prediction for the acceleration
PSD is reasonably accurate. The corresponding loads
are not as accurate, however, as exemplified by Fig. 7
showing a comparison of two computed PSDs for the
aft fuselage bending moment.      

 Concluding Remarks
A rapid dynamic loads analysis capability based on the
p-transform technique was developed and evaluated
through comparisons with MSC/Nastran solutions in the
frequency domain. Our analyses demonstrated that the
elastic responses as well as the structural loads caused
by control surface motion were predicted accurately.
The same level of accuracy, however, was not obtained
for responses and loads due to atmospheric turbulence.
Even though the p-transform accuracy for the gust loads
may be sufficient for preliminary design applications,
we recommended a modification to the approximation
for the gust excitation forces. There are several options
for improving the approximation. One method devel-
oped by other investigators is the Rational Function

Approximation that introduces lag terms to describe the
input forces due to turbulence. We plan to further inves-
tigate this approach in the near future. 
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Fig 1. Magnitude of Vertical Acceleration at Pilot Station due to Elevator Excitation.
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Fig 2. Phase of Vertical Acceleration at Pilot Station due to Elevator Excitation.
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Fig 3. Magnitude of Aft Fuselage Bending Moment due to Elevator Excitation.
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Fig 4. Phase of Aft Fuselage Bending Moment due to Elevator Excitation.
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Fig 5. In-phase Part of Vertical Acceleration at Pilot Station due to Gust
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Fig 6. PSD of Vertical Acceleration at Pilot Station due to Gust
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Fig 7. PSD of Aft Fuselage Bending Moment due to Gust.
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